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UPPER BOUNDS OF DEPTH OF MONOMIAL IDEALS
DORIN POPESCU
Abstract. Let J ( I be two ideals of a polynomial ring S over a field, generated
by square free monomials. We show that some inequalities among the numbers of
square free monomials of I\J of different degrees give upper bounds of depthS I/J .
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Introduction
Let S = K[x1, . . . , xn] be the polynomial algebra in n variables over a field K,
d ≤ t be two positive integers and I ) J , be two square free monomial ideals of S
such that I is generated in degrees ≥ d, respectively J in degrees ≥ d + 1. By [2,
Theorem 3.1] and [4, Lemma 1.1] depthS I/J ≥ d. Let ρt(I \ J) be the number of
all square free monomials of degree t of I \ J .
Theorem 0.1. ([4, Theorem 2.2]) If ρd(I) > ρd+1(I \ J) then depthS I/J = d,
independently of the characteristic of K.
The aim of this paper is to extend this theorem. Our Theorem 1.3 says that
depthS I/J = t if depthS I/J ≥ t and
ρt+1(I \ J) <
t−d∑
i=0
(−1)t−d+iρd+i(I \ J).
If t = d then this result is stated in Theorem 0.1 (a previous result is given in [3]).
If t = d+ 1 then the above result says that depthS I/J ≤ d+ 1 if
ρd+1(I \ J) > ρd+2(I \ J) + ρd(I \ J).
A particular case with I principal is given, with a different proof, in our Proposition
1.1. Theorem 0.1 is a small step in an attempt to show Stanley’s Conjecture for
some classes of factors of square free monomial ideals (see our Remark 1.6 for some
details) and we hope that our Theorem 1.3 will be useful in the same frame.
1. Upper bounds of depth
The aim of this section is to show the extension of Theorem 0.1 stated in the
introduction. We start with a particular case.
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Proposition 1.1. Suppose that I is generated by a square free monomial f of degree
d, and s = ρd+1(I \ J) > ρd+2(I \ J) + 1. Then depthS I/J = d+ 1.
Proof. First suppose that q = ρd+2(I \ J) > 0. Let g ∈ I \ J be a square free
monomial of degree d + 2. Renumbering the variables x we may suppose that I is
generated by f = x1 · · ·xd and g = fxd+1xd+2. Since g 6∈ J we see that b1 = fxd+1,
b2 = fxd+2 are not in J . Again renumbering x we may suppose that bi = fxd+i,
i ∈ [s] are all the square free monomials of degree d+1 from I\J . Set T = (b3, . . . , bs)
(by hypothesis s ≥ 3). In the exact sequence
0→ T/T ∩ J → I/J → I/(T + J)→ 0
we see that the left end has depth d + 1 by Theorem 0.1 since T ∩ J is generated
in degree ≥ d + 2 and ρd+1(T ) = s − 2 > q − 1 = ρd+2(T \ T ∩ J). On the
other hand, (T + J) : f = (xd+3, . . . , xn) because b1, b2, g 6∈ T + J . It follows that
depthS I/(T + J) = d+ 2 and so the Depth Lemma says that depthS I/J = d+ 1.
Now suppose that q = 0. As above we may assume that bi = fxd+i, i ∈ [s] are the
square free monomials of degree d+ 1 of I \ J . Then J : f = (xd+s+1, . . . , xn) + L,
where L is the Veronese ideal generated by all square free monomials of degree 2 in
xd+1, . . . , xd+s. It follows that I/J ∼= K[x1, . . . , xd+s]/L which has depth d+1. 
Next we present some details on the Koszul homology (see [1]) which we need for
the proof of our main result. Let ∂i : Ki(x; I/J)→ Ki−1(x; I/J), Ki(x; I/J) ∼= S
(ni),
i ∈ [n] be the Koszul derivation given by
∂i(ej1 ∧ . . . ∧ eji) =
i∑
k=1
(−1)k+1xjkej1 ∧ . . . ∧ ejk−1 ∧ ejk+1 ∧ . . . ∧ eji.
Fix 0 ≤ i < n − d. Let f1, . . . , fr, r = ρd+i(I \ J) be all square free monomials of
degree d+ i from I \J and b1, · · · , bs, s = ρd+i+1(I \J) be all square free monomials
of degree d+ i+ 1 from I \ J . Let supp fi = {j ∈ [n] : xj |fi}, eσi = ∧j∈([n]\supp fi) ej
and supp bk = {j ∈ [n] : xj |bk}, eτk = ∧j∈([n]\supp bk) ej. We consider the element
z =
∑r
q=1 yqfqeσq of Kn−d−i(x; I/J), where yq ∈ K. Then
∂n−d−i(z) =
s∑
k=1
(
∑
q∈[r]
εkqyq)bkeτk ,
where εkq ∈ {1,−1} if fq|bk, otherwise εkq = 0. Thus ∂n−d−i(z) = 0 if and only if∑
q∈[r] εkqyq = 0 for all k ∈ [s], that is y = (y1, . . . , yr) is in the kernel of the linear
map hn−d−i : K
r → Ks given by the matrix εkq.
Now we will see when z ∈ Im ∂n−d−i+1. Since the Koszul derivation is a graded
map we note that z ∈ Im ∂n−d−i+1 if and only if z = ∂n−d−i+1(w) for a w =∑c
p=1 upgpeνp , where c = ρd+i−1(I \ J), up ∈ K, g1, . . . , gc are all square free mono-
mials of degree d+ i− 1 from I \ J and eνp = ∧j∈([n]\supp gp) ej . It follows
z =
r∑
q=1
(
∑
p∈[c]
γqpup)fqeσq ,
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where γqp ∈ {1,−1} if gp|fq, otherwise γqp = 0. Thus z ∈ Im ∂n−d−i+1 if and only if
y belongs to the image of the linear map hn−d−i+1 : K
c → Kr given by the matrix
γqp. When i = 0 we have hn−d−i+1 = 0.
Note that Imhn−d−i+1 ⊂ Kerhn−d−i and the inclusion is strict if and only if
there exists y ∈ Kr such that z induces a nonzero element in Hn−d−i(x; I/J). This
implies depthS I/J ≤ d + i by [1, Theorem 1.6.17]. If depth I/J > d + i then
Im ∂n−d−i+1 = Ker ∂n−d−i and it follows Imhn−d−i+1 = Ker hn−d−i.
Lemma 1.2. Let 0 ≤ i < n − d, then the following statements hold independently
of the characteristic of K.
(1) the complex Kc
hn−d−i+1
−−−−−→ Kr
hn−d−i
−−−−→ Ks is exact if depth I/J > d+ i,
(2) if depthS I/J > d+ i then r = rankhn−d−i+1 + rankhn−d−i,
(3) if r > rankhn−d−i+1 + rankhn−d−i then depthS I/J ≤ d+ i.
Proof. The first statement follows from above and the second one is only a conse-
quence. If r > rankhn−d−i+1 + rankhn−d−i then Imhn−d−i+1 ( Ker hn−d−i and the
last statement follows also from above. 
Theorem 1.3. Let d ≤ t ≤ n be two integers and set
αj =
j−d∑
i=0
(−1)j−d+iρd+i(I \ J),
for d ≤ j ≤ t. Suppose that depthS I/J ≥ t and ρt+1(I\J) < αt. Then depthS I/J =
t independently of the characteristic of K.
Proof. We have αj = ρj(I \ J)− αj−1 for d < j ≤ t. By Lemma 1.2 (2) we get hn−d
injective and ρd+i(I \ J) = rankhn−d−i+1 + rankhn−d−i for 0 < i < t− d. It follows
that ρd(I \J) = rankhn−d = αd, ρd+1(I \J) = rankhn−d+rank hn−d−1 = ρd(I \J)+
rankhn−d−1, and so rankhn−d−1 = αd+1. By recurrence we get rankhn−t+1 = αt−1.
Clearly, rankhn−t ≤ ρt+1(I \ J). By hypothesis, ρt+1(I \ J) < αt = ρt(I \ J)−αt−1.
It follows that rankhn−t < ρt(I \ J) − αt−1 = ρt(I \ J) − rankhn−t+1 which gives
depthS I/J = t by Lemma 1.2 (3). 
Next example shows that the above theorem is tight.
Example 1.4. Let n = 4, I = (x1, x3), J = (x1x4). Note that x1x2, x1x3, x2x3, x3x4
are all square free monomials of degree 2 from I \ J and x1x2x3, x2x3x4 are all
square free monomials of degree 3 from I \J . Thus ρ2(I \J) = 4 = ρ1(I)+ρ3(I \J),
but depthS I/J = 3. On the other hand, taking J
′ = J + (x2x3x4) we see that
depthS I/J
′ = 2 which is given also by Theorem 1.3 since ρ3(I \J
′) = 1 and we have
ρ2(I \ J
′) = 4 > 3 = ρ1(I) + ρ3(I \ J
′).
Corollary 1.5. Suppose that depthS I/J ≥ d + 2. Then ρd(I) ≤ ρd+1(I \ J) ≤
ρd(I) + ρd+2(I \ J). Moreover, if ρd+2(I \ J) = 0 then ρd(I) = ρd+1(I \ J).
Remark 1.6. Consider the poset PI\J of all square free monomials of I \J (a finite
set) with the order given by the divisibility. Let P be a partition of PI\J in intervals
[u, v] = {w ∈ PI\J : u|w,w|v}, let us say PI\J = ∪i[ui, vi], the union being disjoint.
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Define sdepthP = mini deg vi and sdepthS I/J = maxP sdepthP, where P runs in
the set of all partitions of PI\J . This is the Stanley depth of I/J , in the idea of
[2] (see also [5]). Stanley’s Conjecture says that sdepthS I/J ≥ depthS I/J . In the
above corollary ρd+2(I\J) = 0 implies sdepthS I/J ≤ d+1 and so depthS I/J ≤ d+1
if Stanley’s Conjecture holds. This shows the weakness of the above corollary, which
accepts the possibility to have depthS I/J ≥ d+ 2 when ρd(I) = ρd+1(I \ J).
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